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\ 12 8 202 12 9 219 12 10 219

08:30 - 09:05     

09:05 - 09:40     

10:00 - 10:35     

10:35 - 11:10         

11:25 - 12:00         

14:30 - 15:05     

15:05 - 15:40         

16:00 - 16:35

16:35 - 17:10

17:25 - 18:00



12月8日
南楼202

08:20 - 08:30                

08:30 - 09:05 Diffusion processes on Wasserstein space

09:05 - 09:40    
Smoluchowski-Kramers approximation  

for distribution dependent stochastic differential equations

09:40 - 10:00                

10:00 - 10:35 Liouville theorems for graphs with nonnegative curvature

10:35 - 11:10    Local hard edge universality of Muttalib-Borodin ensemble

11:10 - 11:25                

11:25 - 12:00    Weak Lévy-Gromov's isoperimetric inequality

14:30 - 15:05 Favorite edges and rarely visited edges of the simple random walk

15:05 - 15:40    Mean field stochastic control problems under sublinear expectation

15:40 - 16:00                

16:00 - 16:35 Regularity of singular set in optimal transport

16:35 - 17:10
Large separable sample covariance matrices:  

joint CLT for linear spectral statistics and its applications

17:10 - 17:25                

17:25 - 18:00 SDEs with supercritical distributional drifts

12月9日 
南楼219

08:30 - 09:05    The sharp weighted maximal inequalities for noncommutative martingales

09:05 - 09:40 Anderson model and infinite dimensional hypercube

09:40 - 10:00                

10:00 - 10:35 Quantitative propagation of chaos for 2D viscous vortex model on the whole space

10:35 - 11:10 From Wigner matrices to Anderson models

11:10 - 11:25                

11:25 - 12:00

14:30 - 15:05    Quenched local limit theorem for random conductance models with long-range jumps

15:05 - 15:40    A particle approximation to the Dean-Kawasaki equation

15:40 - 16:00                

16:00 - 16:35

16:35 - 17:10 Towards quantitative H theorems: hypocoercivity and functional inequality

17:10 - 17:25                

17:25 - 18:00 Barycenter and optimal transport

12月10日 
南楼219

08:30 - 09:05

09:05 - 09:40 How big are the increments of Airy process?

09:40 - 10:00                

10:00 - 10:35    The three dimensional stochastic Zakharov system

10:35 - 11:10    Bulk universality and quantum unique ergodicity of random band matrices

11:10 - 11:25                

11:25 - 12:00    Exact controllability for a refined stochastic wave equation

Entropy formula and displacement convexity for  -Laplacian on  

Wasserstein spaces over Riemannian manifolds

p

Importance sampling estimator for rare events of  -Jacobi ensemblesβ

Large   limit and   expansion of the observables for   linear sigma modelN 1/N O (N )
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'�LMK:�M��9Z�CTUB�CMXW��9�cUXX�PUBOaBB�M�AQSaXMAUCe�CTQ[Ae�R[A�CTQ�[?CUYMX�CAMZB?[AC�?A[NXQY�cTQZ�CTQ�
CMASQC� O[ZBUBCB� [R� Cc[� PUBV[UZC� O[ZbQd� P[YMUZB�� PQZ[CQP� � � R[A� � �� DTUB� UB� M� RaZPMYQZCMX�
Y[PQX�UZ�cTUOT�BUZSaXMAUCUQB�MAUBQ��DTQ�AQSaXMAUCe�[R�CTQ�BUZSaXMA�BQC�UB�PQAUbQP�RA[Y�CTQ�AQSaXMAUCe�
[R� CTQ� ?[CQZCUMX� RaZOCU[ZB� a?� C[� UC�� GQ� UZCA[PaOQ� M� Z[bQX� RAMYQc[AW� C[� PQY[ZBCAMCQ� CTQ� TUSTQA�
AQSaXMAUCe� [R� CTQ� ?[CQZCUMX� RaZOCU[ZB� a?� C[� CTQ� BUZSaXMA� BQC�� PQB?UCQ� CTQ� BUZSaXMA� BQC� QdTUNUCUZS� Z[�
R[AY� [R� O[ZbQdUCe� M� ?AU[AU�� UZOXaPUZS� BQYUO[ZbQdUCe�� ![CMNXe�� [aA� AQBaXCB� MAQ� MOTUQbQP� cUCT[aC�
AQ]aUAUZS� MZe� O[ZbQdUCe� [R� CTQ� B[aAOQ� P[YMUZ�� DTUB� MXUSZB� cUCT� 3MRRMAQXXU B� OQXQNAMCQP� AQSaXMAUCe�
CTQ[Ae��
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�BME!��'�I:KMB�E!�:IIKHQBF:MBHG�MH�MA!�!:G��:3:L:DB�!J1:MBHG�

'�LMK:�M��6[XX[cUZS�CTQ�UPQM�[R�BC[OTMBCUO�?MAMXXQX�CAMZBXMCU[ZB�[Z�GMBBQABCQUZ�B?MOQ��cQ�O[ZBCAaOC�
M� ZQc� ?MACUOXQ� M??A[dUYMCU[Z� C[� CTQ� AQSaXMAUfQP� YMACUZSMXQ� B[XaCU[Z� [R� CTQ� PURRaBUbQ� �QMZ�
;McMBMWU�Q]aMCU[Z�[Z�'���C[AaB�cUCT�O[X[AQP�Z[UBQ��
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�BME!��(:KR�!GM!K�:G �HIMBF:E�MK:GLIHKM�

'�LMK:�M��2MAeOQZCQA�UB�M�NMBUO�O[ZOQ?C�UZ�N[CT�SQ[YQCAe�MZP�?A[NMNUXUCe�CTQ[Ae��6[A�QdMY?XQ��MB�
CTQ�B[XaCU[Z�[R�M�BUY?XQ�[?CUYUfMCU[Z�?A[NXQY��NMAeOQZCQAB�?A[bUPQ�M�ZMCaAMX�SQZQAMXUfMCU[Z�[R�CTQ�
Z[CU[Z�[R�YQMZ�bMXaQ�[R�M�?A[NMNUXUCe�YQMBaAQ��MB�cQXX�MB�CTQ�Qd?QOCMCU[Z�[R�YQCAUO�B?MOQ�bMXaQP�
AMZP[Y�bMAUMNXQB��9Z�CTUB�CMXW��9�cUXX�UZCA[PaOQ�B[YQ�ZQc�AQBaXCB�[Z�UCB�AQXMCU[ZBTU?�cUCT�[?CUYMX�
CAMZB?[AC��

Ω*i i = 1,2
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'�LMK:�M��9Z�CTUB�CMXW��cQ�cUXX�UZCA[PaOQ�[aA�AQOQZC�AQBaXCB�[Z�RMb[AUCQ�QPSQB�MZP�AMAQXe�bUBUCQP�QPSQB�
�U�Q���QPSQB�CTMC�MAQ�bUBUCQP�[ZXe�[ZOQ��[R�CTQ�[ZQ�PUYQZBU[ZMX�BUY?XQ�BeYYQCAUO�AMZP[Y�cMXW�NMBQP�
[Z�CTQ�R[XX[cUZS�Cc[�?M?QAB��
� � � K'L� 3��H�� 8M[�� J��3�� 8a�� D��  M�� B�� C[ZS�� DTAQQ� RMb[AUCQ� QPSQB� [OOaAB� UZkZUCQXe� [RCQZ� R[A� [ZQ�
PUYQZBU[ZMX� BUY?XQ� AMZP[Y� cMXW�� 1OOQ?CQP� Ne� 3[YYaZUOMCU[ZB� UZ�  MCTQYMCUOB� MZP� CCMCUBCUOB��
(	()��
� � � K(L�J��3��8a��H��#QZS��B��C[ZS��I��DMZ��DTQ�MBeY?C[CUO�NQTMbU[A�[R�AMAQXe�bUBUCQP�QPSQB�[R�CTQ�
BUY?XQ�AMZP[Y�cMXW��MAHUb��()'	�'��,b'��(	()���
����9Z�K'L��cQ�BT[cQP�CTMC�cUCT�?A[NMNUXUCe�'�CTAQQ�RMb[AUCQ�QPSQB�[OOaAB�UZkZUCQXe�[RCQZ���QC�� �NQ�
CTQ�ZaYNQA�[R�AMAQXe�bUBUCQP�QPSQB�a?�C[�CUYQ� � �� 9Z�K(L��kABC�cQ�BT[cQP�CTMC� � � UB�Z[Z�
PQOAQMBUZS� UZ� � � MZP� CTMC� � 0� CTQZ� cQ� BCaPUQP� CTQ� MBeY?C[CUO� NQTMbU[A� [R�
� �R[A�MZe� � �MZP�aBQP�UC�C[�BT[c�CTMC�CTQAQ�QdUBCB�M�O[ZBCMZC� �
BaOT�CTMC�� ��MXY[BC�BaAQXe��
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�BME!��2BH12BEE!�MA!HK!FL�?HK�#K:IAL�3BMA�GHGG!#:MB2!��1K2:M1K!�

'�LMK:�M��6[A�M�SAM?T�cUCT�Z[ZZQSMCUbQ�2MWAe�5YQAe�OaAbMCaAQ�[A�"XXUbUQA�OaAbMCaAQ��cQ�PUBOaBB�
B[YQ� WZ[cZ� AQBaXCB� [Z� �U[abUXXQ� CTQ[AQYB� R[A� PUBOAQCQ� TMAY[ZUO� RaZOCU[ZB��  [AQ[bQA�� cQ� ?A[bQ�
CTMC� CTQAQ� MAQ� MC� Y[BC� Cc[� QZPB� [R� UZkZUCQ� b[XaYQ� R[A� CTQ� "XXUbUQA� OMBQ� bUM� CTQ� QdUBCQZOQ� [R�
Z[ZCAUbUMX� XUZQMA� SA[cCT� TMAY[ZUO� RaZOCU[ZB�� DTQ� CMXW� UB� NMBQP� [Z� V[UZC� c[AWB� cUCT� 6X[AQZCUZ�
 aQZOT��
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'�LMK:�M��DTQ�?aA?[BQ�[R�CTUB�CMXW�UB�C[�?AQBQZC�cQUSTCQP�YMdUYMX�� �UZQ]aMXUCUQB�UZ�CTQ�O[ZCQdC�[R�
[?QAMC[A�bMXaQP�YMACUZSMXQB�[Z�BQYUkZUCQ�b[Z�!QaYMZZ�MXSQNAMB��DTQ�YMUZ�QY?TMBUB� UB�?aC�[Z�
CTQ� [?CUYMX� PQ?QZPQZOQ� [R� CTQ� � � O[ZBCMZCB� [Z� CTQ� OTMAMOCQAUBCUO� [R� CTQ� cQUSTC� UZb[XbQP�� 1B�
M??XUOMCU[ZB�� cQ� QBCMNXUBT� cQUSTCQP� QBCUYMCQB� R[A� CTQ� Z[ZO[YYaCMCUbQ� bQABU[Z� [R� 8MAPe�
�UCCXQc[[P�YMdUYMX�[?QAMC[A�MZP�cQUSTCQP�N[aZPB�R[A�Z[ZO[YYaCMCUbQ�YMdUYMX�CAaZOMCU[ZB�[R�M�
cUPQ�OXMBB�[R�BUZSaXMA�UZCQSAMXB��

α(n)
n n → #(α(n))

n lim
n→+∞

#(α(n)) = 2
ℙ (α(n) > a(log n)2) a > 0 C ∈ (0, + ∞)

lim
n→+∞

α(n)
(log n)2 = C

Lp

Lp
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'�LMK:�M��9Z�CTUB�CMXW�cQ�BCaPe�#[ZCAeMSUZ B�BC[OTMBCUO�YMdUYaY�?AUZOU?XQ�R[A�M�YQMZ�kQXP�[?CUYMX�
O[ZCA[X�?A[NXQY�aZPQA�#QZSÎB�� �Qd?QOCMCU[Z��DTQ�PeZMYUOB�[R�CTQ�O[ZCA[XXQP�BCMCQ�?A[OQBB�UB�SUbQZ�
Ne� M� BC[OTMBCUO� PURRQAQZCUMX� Q]aMCU[Z� PAUbQZ� Ne� M� � �2A[cZUMZ� Y[CU[Z�� cT[BQ� O[QRkOUQZCB� PQ?QZP�
Z[C�[ZXe�[Z�CTQ�O[ZCA[X��CTQ�O[ZCA[XXQP�BCMCQ�?A[OQBB�NaC�MXB[�[Z�UCB�XMc�aZPQA�CTQ�� �Qd?QOCMCU[Z��
� � � 1XB[� CTQ� MBB[OUMCQP� O[BC� RaZOCU[ZMX� UB� [R� YQMZ�kQXP� Ce?Q�� EZPQA� CTQ� MBBaY?CU[Z� [R� M� O[ZbQd�
O[ZCA[X�BCMCQ�B?MOQ�cQ�BCaPe�CTQ�BC[OTMBCUO�YMdUYaY�?AUZOU?XQ��cTUOT�SUbQB�M�ZQOQBBMAe�[?CUYMXUCe�
O[ZPUCU[Z�R[A�O[ZCA[X�?A[OQBBQB��EZPQA�MPPUCU[ZMX�O[ZbQdUCe�MBBaY?CU[ZB�[Z�CTQ�8MYUXC[ZUMZ�UC�UB�
BT[cZ�CTMC�CTUB�ZQOQBBMAe�O[ZPUCU[Z�UB�MXB[�M�BaRkOUQZC�[ZQ��DTQ�YMUZ�PURkOaXCe�cTUOT�cQ�TMbQ�C[�
[bQAO[YQ� UZ� [aA� c[AW� O[ZBUBCB� UZ� CTQ� PURRQAQZCUMCU[Z� [R� CTQ� � �Qd?QOCMCU[Z� [R� ?MAMYQCQAUfQP�
AMZP[Y�bMAUMNXQB��
�����2MBQP�[Z�M�V[UZC�c[AW�cUCT�BMUZQA�2aOWPMTZ��E2"��6AMZOQ���2[cQZ�8Q��C�E��3TUZM���
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�BME!���KHF��B#G!K�F:MKB�!L�MH�'G !KLHG�FH !EL�

'�LMK:�M�� 9Z� CTQ� '.	B� GUSZQA� MZP� 1ZPQAB[Z� UZPQ?QZPQZCXe� NA[aSTC� AMZP[YZQBB� UZC[�
8MYUXC[ZUMZB� UZ� ]aMZCaY� ?TeBUOB�� cTUOT� SUbQ� NUACT� C[� GUSZQA� YMCAUOQB� MZP� 1ZPQAB[Z� Y[PQXB���
2[CT� BQQY� ]aUCQ� PURRQAQZC�� Y[AQ� AMZP[YZQBB� [A� XQBB� AMZP[YZQBB�� PQZBQ� BCAaOCaAQ� [A� B?MABQ�
BCAaOCaAQ��YQMZ�kQXP�[A�Z[C��8[cQbQA��CTQ�CUQB�NQCcQQZ�CTQ�Cc[�YMe�AaZ�PQQ?��
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�BME!�� �FHE1�AH3LDB��K:F!KL� :IIKHQBF:MBHG� ?HK�  BLMKB�1MBHG�  !I!G !GM� LMH�A:LMB��  B??!K!GMB:E�
!J1:MBHGL�

'�LMK:�M�� 9Z� CTUB� CMXW�� cQ� cUXX� BT[c� CTQ� O[ZbQASQZOQ� AMCQB� UZ� CTQ� CY[XaOT[cBWU�;AMYQAB�
M??A[dUYMCU[Z�R[A�CTQ�B[XaCU[Z�[R�CTQ�PUBCAUNaCU[Z�PQ?QZPQZC�C�5�PAUbQZ�Ne�2A[cZUMZ�Y[CU[Z�[A�
RAMOCU[ZMX�2A[cZUMZ�Y[CU[Z��

G
G

G

G
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'�LMK:�M�� 1� cUPQXe� aBQP� BC[OTMBCUO� cMbQ� Q]aMCU[Z� UB� CTQ� OXMBBUOMX� cMbQ� Q]aMCU[Z� ?QACaANQP� Ne� M�
CQAY�[R�9CgÎB�UZCQSAMX��GQ�BT[c�CTMC�CTUB�Q]aMCU[Z�UB�Z[C�QdMOCXe�O[ZCA[XXMNXQ�QbQZ�UR�CTQ�O[ZCA[XB�
MAQ� QRRQOCUbQ� QbQAecTQAQ� UZ� N[CT� CTQ� PAURC� MZP� CTQ� PURRaBU[Z� CQAYB� MZP� MXB[� [Z� CTQ� N[aZPMAe�� 9Z�
B[YQ� BQZBQ� CTUB� YQMZB� CTMC� B[YQ� WQe� RQMCaAQ� TMB� NQQZ� USZ[AQP� UZ� CTUB� Y[PQX�� DTQZ�� NMBQP� [Z� M�
BC[OTMBCUO�!QcC[ZÎB�XMc��cQ�?A[?[BQ�M�AQkZQP�BC[OTMBCUO�cMbQ�Q]aMCU[Z��2e�YQMZB�[R�M�ZQc�SX[NMX�
3MAXQYMZ� QBCUYMCQ�� cQ� QBCMNXUBT� CTQ� QdMOC� O[ZCA[XXMNUXUCe� [R� [aA� BC[OTMBCUO� cMbQ� Q]aMCU[Z� cUCT�
CTAQQ�O[ZCA[XB�� [AQ[bQA��cQ�SUbQ�M�AQBaXC�MN[aC�CTQ�XMOW�[R�QdMOC�O[ZCA[XXMNUXUCe��cTUOT�BT[cB�CTMC�
CTQ� MOCU[Z� [R� CTAQQ� O[ZCA[XB� UB� ZQOQBBMAe�� "aA� MZMXeBUB� UZPUOMCQB� CTMC�� MC� XQMBC� RA[Y� CTQ� ?[UZC� [R�
bUQc� [R� O[ZCA[X� CTQ[Ae�� CTQ� ZQc� BC[OTMBCUO� cMbQ� Q]aMCU[Z� UZCA[PaOQP� UZ� CTUB� ?M?QA� UB� M� Y[AQ�
AQMB[ZMNXQ�Y[PQX�CTMZ�CTMC�UZ�CTQ�QdUBCUZS�XUCQAMCaAQB��
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'�LMK:�M��GQ�O[ZBCAaOC�CTQ�UY?[ACMZOQ�BMY?XUZS�QBCUYMC[A��9C�UZ�BT[AC��[R�AMAQ�QbQZCB�AQXMCUZS�C[�
CTQ� C[?� QUSQZbMXaQB� [R� � �:MO[NU� QZBQYNXQB�� 6[A� SQZQAMX� OMBQ�� cQ� QBCMNXUBT� M� ZQc� XMASQ� PQbUMCU[Z�
?AUZOU?XQ� R[A� CTQ� C[?� QUSQZbMXaQB� MZP� CTQZ� cQ� [NCMUZ� CTQ� X[SMAUCTYUOMX� QRkOUQZOe� [R� CTQ� 9C��
 QMZcTUXQ��R[A�CTQ�bQAe�AQOCMZSaXMA�OMBQ��cQ�BT[c�CTQ�BCA[ZS�QRkOUQZOe�[R�CTQ�9C�MZP�MXB[�?A[bQ�
CTMC�CTQ�9C�O[ZbQASQB�C[�CTQ�[?CUYMX�QBCUYMC[A�cUCT�AQB?QOC�C[�CTQ�C[CMX�bMAUMCU[Z�PUBCMZOQ��
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�BME!���H3��B#�:K!�MA!�BG�K!F!GML�H?�'BKR�IKH�!LL	�

'�LMK:�M��DTQ�1UAe�?A[OQBB�UB�M�AQMX�bMXaQP�AMZP[Y�?A[OQBB�cT[BQ�kZUCQ�PUYQZBU[ZMX�PUBCAUNaCU[Z�UB�
PQCQAYUZQP�Ne�M�6AQPT[XY�PQCQAYUZMZC�cUCT�1UAe�WQAZQX��9C�cMB�kABC�UZCA[PaOQP�Ne�#AMThRQA�MZP�
C?[TZ�UZ�CTQ�BCaPe�[R�?[XeZaOXQMA�SA[cCT�Y[PQX�Y[AQ�CTMZ�(	�eQMAB�MS[�MZP�TMB�NQO[YQ�M�OQZCAMX�
[NVQOC�UZ�CTQ�;#J�aZUbQABMXUCe�OXMBB��DTQAQ�TMB�NQQZ�B[YQ�UZCQZBUbQ�AQBQMAOT�MOCUbUCUQB�MA[aZP�CTQ�
1UAe� ?A[OQBB�� B[YQ� [R� cTUOT� TMB� AUS[A[aBXe� ?A[bQP� UCB� QdUBCQZOQ�� CUYQ� O[AAQXMCU[Z� MZP� O[ZCUZaUCe��
MZP� Y[AQ� UZCQAQBCUZSXe� [NCMUZQP� CTQ� Y[PaXaB� [R� O[ZCUZaUCe�� 3[Y?MAQP� C[� cQXX�BCaPUQP� 2A[cZUMZ�
Y[CU[ZB��2A[cZUMZ�NAUPSQB�MZP�QbQZ�"AZBCQUZ�EXQZNQOW�?A[OQBBQB��1UAe�?A[OQBB�MZP�UCB�QdCQZBU[Z�
�U�Q�� 1UAe� XUZQ� QZBQYNXQB�� MAQ� ZQc�� B[� UC� UB� c[ACTcTUXQ� RaACTQA� AQBQMAOT�� 9Z� CTUB� CMXW� 9� BTMXX� NAUQle�
AQbUQc�B[YQ�AQYMAWMNXQ�AQBaXCB�UZ�CTUB�kQXP�cUCT�R[OaB�[Z�CTQ�UZOAQYQZCB�[R�1UAe�BMY?XQ�?MCTB��Z[�
PQCMUXQP�?A[[RB�MAQ�SUbQZ��

β

β
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'�LMK:�M�� DTQ� OXMBBUOMX� 1ZPQAB[Z� Y[PQX� UB� MOCaMXXe� M� AMZP[Y� COTAhPUZSQA� [?QAMC[A� [Z� CTQ� � �
PUYQZBU[ZMX�UZCQSQA�XMCCUOQ� � ��cTUOT�?XMeB�MZ�UY?[ACMZC�A[XQ�UZ�CTQ�?TeBUOB�[R�O[ZPQZBQP�YMCCQA�
MZP�PUB[APQAQP�BeBCQYB��9Z�CTUB�CMXW��cQ�kABC�UZCA[PaOQ�MZ�UZkZUCQ�SAM?T��cTUOT�cQ�OMXX�CTQ�UZkZUCQ�
PUYQZBU[ZMX� Te?QAOaNQ� �9�8��� DTQZ� cQ� UZCA[PaOQ� MZ� 9�8�bQABU[Z� [R� CTQ� OXMBBUOMX� 1ZPQAB[Z�
Y[PQX��ZMYQXe�M�AMZP[Y�COTAhPUZSQA�[?QAMC[A�[Z�CTQ�9�8��1Y[ZS�[CTQAB��cQ�BT[c�CTQ�QAS[PUOUCe�
[R�CTQ�Y[PQX�MZP�CTQ�QdUBCQZOQ�[R�UCB�PQZBUCe�[R�BCMCQB�YQMBaAQ��
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'�LMK:�M�� aCCMXUN�2[A[PUZ�QZBQYNXQ�UB�PQkZQP�Ne�CTQ�V[UZC�?A[NMNUXUCe�PQZBUCe�RaZOCU[Z�

� �

9C� UB� ?A[?[BQP� Ne� ?TeBUOUBC�  aCCMXUN� MB� M� C[e� Y[PQX� [R� ]aMZCaY� CAMZB?[AC�� MZP� TMB� AQXMCU[ZB� C[�
AMZP[Y� YMCAUd� CTQ[Ae�� 2QOMaBQ� [R� UCB� BUY?XUOUCe� MZP� UCB� Z[Z�CAUbUMX� TMAP� QPSQ� XUYUC��  aCCMXUN�
2[A[PUZ�QZBQYNXQ�NQO[YQB�CTQ�MAOTQCe?Q�[R�NU[ACT[S[ZMX�QZBQYNXQB��2[A[PUZ�BCaPUQP�CTUB�Y[PQX�
UZ�CTQ�� �OMBQ��MZP�R[aZP�UCB�XUYUCUZS�PUBCAUNaCU[Z�MA[aZP�CTQ�TMAP�QPSQ�� ��GQ�BT[c�CTMC�R[A�
M�XMASQ�OXMBB�[R�� �� aCCMXUN�2[A[PUZ�QZBQYNXQ�TMB�CTQ�BMYQ�XUYUCUZS�PUBCAUNaCU[Z��CTMC�UB��CTQ�Y[PQX�
TMB�M�aZUbQABMX�?A[?QACe��"aA�M??A[MOT�UB�Ne�CTQ�MBeY?C[YMCUO�MZMXeBUB�[R�M�WUZP�[R�bQOC[A�bMXaQP�
BUQYMZZ�8UXNQAC�?A[NXQY��
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�BME!��B??1LBHG�IKH�!LL!LSHG��:LL!KLM!BGSLI:�!�
'�LMK:�M��2e�aBUZSjCTQ�UZCAUZBUO�PQAUbMCUbQjMZP�AQRQAQZOQ�?A[NMNUXUCe�YQMBaAQB�[Z�CTQ�GMBBQABCQUZ�
B?MOQ�CAMZBR[AYQP�RA[Y�CTQ�CMZSQZC�B?MOQ��cQ�O[ZBCAaOC�M�OXMBB�[R�O[ZBQAbMCUbQ�]aMBU�AQSaXMA�X[OMX�
�UAUOTXQC� R[AYB� [Z� CTQ� GMBBQABCQUZ� B?MOQ�� 9Z� ?MACUOaXMA�� CTQ� "�E� Ce?Q� �UAUOTXQC� R[AY� [Z� CTQ�
GMBBQABCQUZ� B?MOQ� BMCUBkQB� CTQ� X[S�C[N[XQb� UZQ]aMXUCe�� CTQ� MBB[OUMCQP� "�E� BQYUSA[a?� UB� O[Y?MOC��
MZP�CTQ�TQMC�WQAZQX�TMB�M�ZUOQ�� �a??QA�N[aZP��j�

d
Zd

∏
1≤i< j≤n

(xi − xj)(xθ
i − xθ

j )
n

∏
i=1

e−nV(xi) .

V(x) = x 0
V

L2
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'�LMK:�M�� GQ� QBCMNXUBT� CTQ� ]aQZOTQP� X[OMX� XUYUC� CTQ[AQY� R[A� AMZP[Y� cMXW� MY[ZS� BCMCU[ZMAe�
QAS[PUO� AMZP[Y� O[ZPaOCMZOQB� CTMC� ?QAYUC� VaY?B� [R� MANUCAMAe� XQZSCT�� DTQ� ?A[[R� UB� NMBQP� [Z� CTQ�
cQMW� ?MAMN[XUO� 8MAZMOW� UZQ]aMXUCUQB� MZP� [Z�PUMS[ZMX� TQMC�WQAZQX� QBCUYMCQB� R[A� X[ZS�AMZSQ�
AMZP[Y�cMXWB�[Z�SQZQAMX�QAS[PUO�QZbUA[ZYQZCB��
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'�LMK:�M�� 9Z� CTUB� CMXW�� cQ� ?A[bQ� CTQ� � �QZCA[?e� Y[Z[C[ZUOUCe� R[AYaXM� R[A� � ��M?XMOUMZ� MX[ZS� CTQ�
SQ[PQBUO� l[c� [Z� CTQ� � �GMBBQABCQUZ� B?MOQ� [bQA� � �PUYQZBU[ZMX� O[Y?MOC� BUQYMZZUMZ� YMZUR[XPB��
cTQAQ� � ��  [AQ[bQA�� cQ� BCaPe� CTQ� SQZQAMXUfQP� PUB?XMOQYQZC� O[ZbQdUCe� R[A� Z[ZXUZQMA�
Y[NUXUCe�O[ZCUZaUCe�Q]aMCU[Z�cUCT�� ��M?XMOUMZ�[Z�GMBBQABCQUZ�B?MOQ�[bQA�BUQYMZZUMZ�YMZUR[XPB��
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'�LMK:�M�� GQ� PQAUbQ� CTQ� ]aMZCUCMCUbQ� QBCUYMCQB� [R� ?A[?MSMCU[Z� [R� OTM[B� R[A� CTQ� XMASQ� UZCQAMOCUZS�
?MACUOXQ� BeBCQYB� UZ� CQAYB� [R� CTQ� AQXMCUbQ� QZCA[?e� NQCcQQZ� CTQ� V[UZC� XMc� [R� CTQ� ?MACUOXQB� MZP� CTQ�
CQZB[AUfQP� XMc� [R� CTQ� YQMZ� kQXP� #�5�� GQ� AQB[XbQ� CTUB� ?A[NXQY� R[A� CTQ� kABC� CUYQ� R[A� CTQ� bUBO[aB�
b[ACQd� Y[PQX� CTMC� M??A[dUYMCUZS� (�� !MbUQA�CC[WQB� Q]aMCU[Z� UZ� CTQ� b[ACUOUCe� R[AYaXMCU[Z� [Z� CTQ�
cT[XQ� B?MOQ�� GQ� [NCMUZ� MB� WQe� C[[XB� CTQ� �U�IMa�Ce?Q� QBCUYMCQB� MZP� 8MYUXC[Z�Ce?Q� TQMC� WQAZQX�
QBCUYMCQB�R[A�(��!MbUQA�CC[WQB�[Z�CTQ�cT[XQ�B?MOQ��DTUB�UB�M�V[UZC�c[AW�cUCT�HaMZAaU�6QZS�RA[Y�
#QWUZS�EZUbQABUCe��
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'�LMK:�M�� 9Z� CTUB� CMXW�� cQ� cUXX� UZCA[PaOQ� M� cQMW� �Ñbe�7A[Y[b B� UB[?QAUYQCAUO� UZQ]aMXUCe� R[A� CTQ�
PURRaBU[Z� [?QAMC[A��  [AQ[bQA�� cQ� MXB[� ?AQBQZC� B[YQ� O[ZZQOCU[ZB� NQCcQQZ� cQMW� �Ñbe�7A[Y[b B�
UB[?QAUYQCAUO�UZQ]aMXUCUQB�MZP�[CTQA�RaZOCU[ZMX�UZQ]aMXUCUQB��

p

W p
Lq n

1/p + 1/q = 1
p
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'�LMK:�M�� 3[ZBUPQA� M� SQZQAMX� OXMBB� [R� AMZP[Y� NMZP� YMCAUOQB� � � [Z� CTQ� � �PUYQZBU[ZMX� XMCCUOQ� [R�
XUZQMA�BUfQ�� ��DTQ�QZCAUQB�[R�� �MAQ�UZPQ?QZPQZC�OQZCQAQP�O[Y?XQd�7MaBBUMZ�AMZP[Y�bMAUMNXQB�cUCT�
bMAUMZOQB� � �� cTUOT� TMbQ� M� NMZPQP� ?A[kXQ� B[� CTMC� � � UB� ZQSXUSUNXQ� UR� � � QdOQQPB� CTQ� NMZP�
cUPCT� � �� 9Z� PUYQZBU[ZB� � �� MBBaYUZS� CTMC� � � R[A� M� BYMXX� O[ZBCMZC� � �� cQ� ?A[bQ� CTQ�
PQX[OMXUfMCU[Z�MZP�]aMZCaY�aZU]aQ�QAS[PUOUCe��AE5��[R�CTQ�NaXW�QUSQZbQOC[AB�[R� � ��6aACTQAY[AQ��
cQ�?A[bQ�CTQ�NaXW�aZUbQABMXUCe�[R�� �aZPQA�CTQ�O[ZPUCU[Z�� ��9Z�CTQ�CMXW��9�cUXX�PUBOaBB�M�
ZQc� UPQM� R[A� CTQ� ?A[[R� [R� CTQ� NaXW� aZUbQABMXUCe� CTA[aST� AE5�� cTUOT� bQAUkQB� CTQ� O[ZVQOCaAQP�
O[ZZQOCU[Z�NQCcQQZ�AE5�MZP�NaXW�aZUbQABMXUCe��DTQ�?A[[R�[R�AE5�UB�NMBQP�[Z�M�X[OMX�XMc�R[A�CTQ�
7AQQZ B�RaZOCU[Z�[R�� �MZP�M�TUST�[APQA�� �Qd?MZBU[Z�PQbQX[?QP�AQOQZCXe��2MBQP�[Z�:[UZC�c[AW�cUCT�
Ha��IMa�MZP�IUZ��
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�BME!���H3:K L�J1:GMBM:MB2!���MA!HK!FL��ARIH�H!K�B2BMR�:G �?1G�MBHG:E�BG!J1:EBMR�

'�LMK:�M��2[XCfYMZZ B�8�CTQ[AQY�MBBQACB�CTMC�CTQ�QZCA[?e�UB�Y[Z[C[ZQ�MX[ZS�CTQ�Qb[XaCU[Z�[R�CTQ�
2[XCfYMZZ�Q]aMCU[Z��9C�UB�UZCQAQBCUZS�C[�[NCMUZ�]aMZCUCMCUbQ�bQABU[ZB�[R�CTQ�8�CTQ[AQY�R[A�WUZQCUO�
Y[PQXB��UZ�[CTQA�c[APB��C[�[NCMUZ�Qd?XUOUC�O[ZbQASQZOQ�C[�Q]aUXUNAUaY�UZ�CTQ�BQZBQ�[R�QZCA[?e��"ZQ�
[R�CTQ�Y[BC�RMY[aB�AQBaXCB�UZ�CTUB�PUAQOCU[Z�UB�CTQ�X[SMAUCTYUO�C[N[XQb�UZQ]aMXUCe�R[A�CTQ�7MaBBUMZ�
PUBCAUNaCU[Z��cTUOT�UY?XUQB�Qd?[ZQZCUMX�PQOMe�UZ�QZCA[?e�R[A�CTQ�"AZBCQUZ�ETXQZNQOW�?A[OQBB�cUCT�
MZ�[?CUYMX�AMCQ�[R�O[ZbQASQZOQ��9Z�CTUB�CMXW��cQ�cUXX�O[ZBUPQA�SQZQAMXUfMCU[ZB�[R�CTUB�YQCT[P[X[Se�
C[� CTQ� �MZSQbUZ� PURRaBU[Z� MZP� CTQ� �MZPMa� Q]aMCU[Z�� 6[A� CTQ� �MZSQbUZ� PURRaBU[Z� cQ� cUXX� ?AQBQZC�
FUXXMZU B�QZCA[?UO�Te?[O[QAOUbUCe�CTQ[AQY�MZP�[aA�UY?A[bQYQZC��6[A�CTQ��MZPMa�Q]aMCU[Z�cQ�cUXX�
?AQBQZC�M�XUZQMA�RaZOCU[ZMX�UZQ]aMXUCe�AQXMCUZS�CTQ�QZCA[?e�MZP�CTQ�QZCA[?e�?A[PaOCU[Z�RaZOCU[ZMX��

p���h���9jxmW@��

�BME!���A!�MAK!!� BF!GLBHG:E�LMH�A:LMB���:DA:KH2�LRLM!F�

'�LMK:�M�� DTUB� CMXWB� O[ZOQAZB� CTQ� CTAQQ� PUYQZBU[ZMX� BC[OTMBCUO� JMWTMA[b� BeBCQY� UZ� CTQ� QZQASe�
B?MOQ�� cTQAQ� CTQ� COTA[QPUZSQA� Q]aMCU[Z� UB� PAUbQZ� Ne� XUZQMA� YaXCU?XUOMCUbQ� Z[UBQ� MZP� CTQ� cMbQ�
Q]aMCU[Z� UB� PAUbQZ� Ne� MPPUCUbQ� Z[UBQ�� GQ� cUXX� BT[c� CTQ� cQXX�?[BQPZQBB� [R� CTQ� BeBCQY� NQX[c� CTQ�
SA[aZP� BCMCQ�� 6aACTQAY[AQ�� cQ� cUXX� MXB[� ?AQBQZC� M� Z[UBQ� AQSaXMAUfMCU[Z� AQBaXC� cTUOT� BCMCQB� CTMC�
kZUCQ� CUYQ� NX[ca?� NQR[AQ� MZe� SUbQZ� CUYQ� OMZ� NQ� ?AQbQZCQP� cUCT� TUST� ?A[NMNUXUCe� Ne� MPPUZS�
BaRkOUQZCXe�XMASQ�Z[Z�O[ZBQAbMCUbQ�Z[UBQ��

H d
L H
sxy sxy |x − y |

W d ≥ 7 W ⩾ Lδ δ > 0
H

H W ≫ L95/(d+95)

H T
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'�LMK:�M�� �QC� � �� 9Z� CTUB� ?M?QA�� cQ� UZbQBCUSMCQ� CTQ� R[XX[cUZS� BC[OTMBCUO� PURRQAQZCUMX� Q]aMCU[Z�
�C�5��UZ�� �PAUbQZ�Ne�2A[cZUMZ�Y[CU[Z�

� ��
cTQAQ� � � NQX[ZSB� C[� CTQ� B?MOQ� � � cUCT� � � MZP� � �� cTUOT� UB� M� PUBCAUNaCU[Z�
bMXaQP� MZP� PUbQASQZOQ�RAQQ� bQOC[A� kQXP�� 9Z� CTQ� BaNOAUCUOMX� OMBQ� � �� cQ� QBCMNXUBT� CTQ�
QdUBCQZOQ�MZP�aZU]aQZQBB�[R�M�cQMW�B[XaCU[Z�C[�CTQ�UZCQSAMX�Q]aMCU[Z��

� ��

8QAQ�� � �AQ?AQBQZCB�CTQ�Y[XXUReUZS�M??A[dUYMCU[Z��MZP�CTQ�XUYUC�UB�CMWQZ�UZ�CTQ� � �BQZBQ��
9Z� CTQ� Ba?QAOAUCUOMX� OMBQ� � �� UR� CTQ� UZUCUMX� PUBCAUNaCU[Z� TMB� MZ� � �PQZBUCe�� cQ�
BT[c�CTQ�QdUBCQZOQ�[R�cQMW�B[XaCU[ZB�MB�cQXX�MB�CTQ�MBB[OUMCQP� MAW[b�?A[OQBBQB��6aACTQAY[AQ��UR�UC�
UB� MPPUCU[ZMXXe� MBBaYQP� CTMC� � �� cTQAQ� � �� � � MZP� � � UB� M�
N[aZPQP� MZCUBeYYQCAUO� YMCAUd�bMXaQP� RaZOCU[Z�� cQ� MXB[� QBCMNXUBT� CTQ� O[ZbQASQZOQ� [R� Y[XXUReUZS�
M??A[dUYMCU[Z�B[XaCU[ZB�cUCT[aC�CTQ�ZQQP�C[�BaNCAMOC�M�BaNBQ]aQZOQ��
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�BME!��2:K#!�L!I:K:�E!�L:FIE!��H2:KB:G�!�F:MKB�!L�� CHBGM�)2��?HK�EBG!:K�LI!�MK:E�LM:MBLMB�L�:G �BML�
:IIEB�:MBHGL�

'�LMK:�M�� DTUB� ?M?QA� BCaPUQB� M� SA[a?� [R� O[AAQXMCQP� BQ?MAMNXQ� BMY?XQ� O[bMAUMZOQ� YMCAUOQB� [R� CTQ�
R[AY�

�� ���
cTUOT� BTMAQ� M� XMCQZC� AMZP[Y� YMCAUd� � � NaC� TMbQ� PUBCUZOC� B?MCUMX�CQY?XQ� O[bMAUMZOQ� BCAaOCaAQB�
� ��DTQ�QZCAUQB�[R�CTQ�AMZP[Y�YMCAUd�OMZ�NQ�QUCTQA�UZPQ?QZPQZC�MZP�UPQZCUOMXXe�PUBCAUNaCQP�
[A�QXXU?CUOMXXe�O[AAQXMCQP�MOA[BB�A[cB��1�V[UZC�OQZCAMX�XUYUC�CTQ[AQY�R[A�XUZQMA�B?QOCAMX�BCMCUBCUOB�[R�
BaOT�O[bMAUMZOQ�YMCAUOQB�UB�QBCMNXUBTQP�UZ�TUST�PUYQZBU[ZMX�RAMYQc[AWB��
����2e�aCUXUfUZS�CTUB�SQZQAMX�AQBaXC��cQ�QdCQZP�Cc[�OXMBBUOMX�XUWQXUT[[P�AMCU[�CQBCB�C[�TUST�PUYQZBU[ZMX�
BUCaMCU[ZB�� UZOXaPUZS� CTQ� BUSZUkOMZOQ� CQBC� UZ� M� YaXCUbMAUMCQ� XUZQMA� AQSAQBBU[Z� MZP� CTQ� CQBC� R[A� CTQ�
Q]aMXUCe�[R�BQbQAMX�O[bMAUMZOQ�YMCAUOQB��

d ≥ 2
ℝd

dXt = b(t, Xt)dt + 2dWt,
b -q

T Hα
p α ∈ [−1,0] p, q ∈ [2,∞)

d
p

+ 2
q

< 1 + α

Xt = X0 + lim
n→∞ ∫

t

0
bn(s, Xs)ds + 2Wt .

bn := b * ϕn L2

1 + α ≤ d
p

+ 2
q

< 2 + α L2

b = b1 + b2 + div a b1 ∈ -∞
T B−1

∞,2 b2 ∈ -2
T L2 a

{n−1ΓnxnBntBT
nt xT

n ΓT
n , t = 1,…, R}

xn
{Γn, Bnt}
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'�LMK:�M��9Z�CTUB�CMXW��cQ�CMXW�MN[aC�CTQ�XMASQ�� �?A[NXQYB�R[A�CTQ�GUOW�AQZ[AYMXUfQP�XUZQMA�BUSYM�
Y[PQX�� U�Q�� � �O[Y?[ZQZC� � � Y[PQX�� UZ� Cc[� B?MCUMX� PUYQZBU[ZB�� aBUZS� BC[OTMBCUO� ]aMZCUfMCU[Z�
YQCT[PB�MZP��eB[Z��COTcUZSQA�Q]aMCU[ZB��GQ�UPQZCURe�CTQ�XMASQ� � �XUYUCUZS�XMc�[R�M�O[XXQOCU[Z�[R�
GUOW� AQZ[AYMXUfQP� � � UZbMAUMZC� [NBQAbMNXQB�� 9Z� ?MACUOaXMA�� aZPQA� M� BaUCMNXQ� BOMXUZS�� CTQ�
]aMPAMCUO� [NBQAbMNXQB� O[ZbQASQ� UZ� CTQ� XMASQ� � � XUYUC� C[� M� YQMZ�fQA[� �BUZSaXMA�� 7MaBBUMZ� kQXP� � �
cUCT� MZ� Qd?XUOUC� O[bMAUMZOQ0� MZP� CTQ� [NBQAbMNXQB� cTUOT� MAQ� AQZ[AYMXUfQP� ?[cQAB� [R� [APQA� � �
O[ZbQASQ�UZ�CTQ�XMASQ�� �XUYUC�C[�BaUCMNXe�AQZ[AYMXUfQP�� �CT�?[cQAB�[R�� ��
���6aACTQAY[AQ��cQ�PQAUbQ�CTQ�� �Qd?MZBU[Z�R[A�CTQ�� �?[UZC�RaZOCU[ZB�[R�CTQ�]aMPAMCUO�[NBQAbMNXQB�
Ne�QY?X[eUZS�M�SAM?T�AQ?AQBQZCMCU[Z�MZP�OMAQRaXXe�MZMXefUZS�CTQ�[APQA�[R�QMOT�SAM?T�RA[Y��eB[Z�
COTcUZSQA�Q]aMCU[ZB��6UZMXXe��cQ�[NCMUZ�CTQ�ZQdC�[APQA�BCMCU[ZMAe�PeZMYUOB��

N 1/N O(N )
N

N Φ4

N
O(N )

N 0
2n

N n 0
1/N k


