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摘    要:   We study the fair allocation of indivisible resources under knapsack 

constraints, where a set of items with varied costs and values are to be allocated to a 

group of agents. Each agent has a budget constraint on the total cost of items she can 

receive. The goal is to compute a feasible allocation that is envy-free (EF), in which 

the agents do not envy each other for the items they receive, nor do they envy a 

charity, which is endowed with all the unallocated items. Since EF allocations barely 

exist (even without budget constraints), we are interested in the relaxed notion of 

envy-freeness up to one item (EF1).   Our results are twofold. Firstly, for the general 

setting where agents have heterogeneous valuations and budgets, we show that a 

budget-feasible allocation that maximizes the Nash social welfare (NSW)  achieves a 

1/4 approximation of EF1. The approximation ratio improves gracefully when the 

items have small costs compared with the agents' budgets; it converges to 1/2 when 

the budget-cost ratio approaches infinity, and to 1 if the agents further have identical 

valuations. Secondly, when the agents have identical valuations, we design a 

polynomial-time algorithm that computes a 1/2 approximate EF1 allocation for an 

arbitrary number of agents. For the case of identical agents and the case of two agents, 

we propose polynomial-time algorithms for computing EF1 allocations. 
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